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ABSTRACT

In this paper we consider a family of commuting real vector fields on the
n-dimensional torus and show that it can be transformed into a family
of constant vector fields provided that there is one of them which its
transposed is globally hypoelliptic. We apply this result to prove global
hypoellipticity for certain classes of sublaplacians.

1. Introduction and preliminaries

There are few results regarding normal forms of systems of vector fields and
differential operators on T" = R™/Z". Before we state some of them, we need
to recall some definitions.

A linear partial differential operator P: D'(T™) — D'(T™) with coefficients in
C>(T") is said to be globally hypoelliptic on T" if the conditions u € D'(T™)
and Py € C°°(T") imply that v € C*(T"). A similar definition can be given
when we replace T by a compact smooth manifold without boundary. If P is
defined on an open subset U of R", then P is said to be locally hypoelliptic if
for any open subset V' of U the conditions u € D'(V) and Pu € C*°(V) imply
that u € C®(V). Note that local hypoellipticity implies global hypoellipticity.

Since in this paper we are concerned with real vector fields, we begin by
recalling the real version of the well-known result:
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THEOREM 1.1 (See Hounie [Hou|): Let X be a real vector field on T? and
suppose that X does not vanish on T2?. If X is a globally hypoelliptic vector
field on T?, then there exists a diffeomorphism of T? onto T? that takes X into

(1'1) f(sat)(as ‘|‘Aat)

where the constant A is an irrational non-Liouville number and f € C®(T?) is
a non-vanishing function.

In T™ there exists a new reduction theorem for real vector fields due to Chen
and Chi [CC}:

THEOREM 1.2: Let X be a real vector field on T™. Then, the transposed of X
is a globally hypoelliptic operator on T™ if and only if there exist coordinates y
on T” in which X admits the form

n
(1.2) X =) A0,
j=1
with the real numbers A4, . .., A, satisfying the following Diophantine condition:

there exist positive constants C and K such that

(1.3) >G4 Ve € Z"\{0}.

> ¢
T A+EDE

Remark 1.3: Theorem 1.2 gives new results on normal forms of real vector
fields on T™ even for n = 2 (cf. Theorem 1.4 in Greenfield and Wallach [GW]).

The next two examples are due to Dickinson, Gramchev and Yoshino [DGY].
In the first one they present an example of a system of overdetermined real
vector fields being simultaneously transformed into constant vector fields. They
consider

X=di+w(t)NO,, €T, teT"

where w(t) = Z?=1 w;(t)dt; is a real-valued smooth closed one-form on T".
The corresponding family of n commuting real vector fields associated with
X is given by X; = 0;; + w;(t)0z,1 < j < n (see Bergamasco, Cordaro and
Malagutti [BCM]). It is easy to see that the family {X;}} is transformed into
the family {8;, + w;o0,}}, if we define the diffeomorphism of T"*! onto T™*!
by y =  — h(t),s = t, where h satisfies 0;;h(t) = w;(t) — wjo, with wjo =
S w;(t)dt.



Vol. 155, 2006 COMMUTING REAL VECTOR FIELDS 83

In the second one they consider the following family of commuting real vector
fields,
X; =0+ hj(t,z)0;, j=1,...,m,
where h; € G°(T?),1 < 0 < . Let P; and p; be, respectively, the Poincaré
map and the rotation number of the vector field X;. Let also R, be the rotation,
where R, (z) = 2 + pj, 2 € T,1 < j <m. They proved the following result.

THEOREM 1.4: Let 1 < ¢ < +00. If m > 2, assume that the Poincaré maps
P;,1 < j < m, are orientation preserving and that there exists an index j €
{1,...,m} such that (2r)~p; is irrational. Then, if a G° diffeomorphism u on
T satisfying

u_loP]-ou: R,,, j=1...,m

can be found, then there exists a G° diffeomorphism on T? that transforms X
into O + (2m) Y prd, for all 1 <k <m.

Remark 1.5: For results on diffeomorphisms that are globally conjugated to
a rotation we refer the recader to Brjuno [Br], Herman [He], Yoccoz [Y] and
references therein, while for commuting diffeomorphisms that are simultaneously
locally conjugated to rotations we refer the reader to Gramchev and Yoshino
[GY], Moser [Mo] and references therein.

In this paper we consider a family of commuting real vector fields on T%,
X;,1 £ j < m, and present a sufficient condition in order to simultaneously
reduce the vector fields X into a family of constant vector fields (see Theorem
2.1). Next, we use this result to prove global hypoellipticity for the operator P

pP= —iX}.
j=1

We also present a class of non-commuting real vector fields and we study its

given by

global hypoellipticity.

2. Simultaneous reduction

In sections 2 and 3 all the results deal with families of vector fields X;, 1 < j <
m, and we shall assume that there exists jo € {1,...,m} such that X, satisfies
certain conditions. Without loss of generality one may assume that jo = 1.

In this section we present a sufficient condition in order to simultaneously
transform a family of commuting real vector fields with variable coefficients

into a family of constant vector fields.
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THEOREM 2.1: Let X1,...,X,, be a family of commuting real vector fields on
T™ such that X, is a globally hypoelliptic operator on T™. Then, there exist co-
ordinates y on T™ in which the family {X;}7* admits the form {3} _, cjx0y, }T,
where c;i, are real constants. Moreover, the coefficients of X1 satisfy the follow-
ing Diophantine condition: there exist K > 0,C > 0 such that

(2.1) V¢ € Z"\{0}.

1+|£|) K

Remark 2.2: Before starting the proof we would like to point out that Theorem
2.1 itself also gives new results on simultaneous reduction of a system of real
vector fields on T" even for n = 2.

Proof:  Since, by hypothesis, !X; is a globally hypoelliptic operator on T, it
follows from Theorem 1.2 that there exist coordinates y on T™ such that

(2.2) X1 = chkayk

with the real numbers ¢;; satisfying the Diophantine condition (2.1).
The vector fields X;,2 < j < m, in the coordinates y can be written as

(2.3) X; = Z bik(1)dy,,

where the functions b; are real-valued.
Thanks to the fact that the coefficients of X; are constants we obtain, for
2<j5<m,

XlXj = (lejl)ayl +---+ (lejn)ayn + blelc‘)yl + -+ banlayn
= (lejl)Byl +--+ (lejn)ayn + b,-lalel + -+ bjnay"Xl
= (‘Xﬂ)jl)ayI +---+ (lejn)ayn + Xle.

Thus, we have
(2.4) [Xl, Xj] = XlX]’ - Xle = (lejl)ayl +---F (lejn)ayn.
It follows from (2.4) and from the commutativity hypothesis that

(25) lejk:07 1§k§n,2§]§m



Vol. 155, 2006 COMMUTING REAL VECTOR FIELDS 85

Taking Fourier series in equations (2.5) we obtain

i(zmee)l?k(s) =0, tezm
=1

Since (2.1) implies that >_,_; c1e&¢ # 0 for all £ € Z\{0}, it follows from the
last equality that
bir(€) =0, €€ Z"\{0}.
Thanks to this fact we have

(2.6) bik(y) = /J;(O), for all y € T",

since bji(y) = Leezn bik (€)%,
By setting cjx = b;x(0), which are real numbers, it follows from (2.3) and
(2.6) that

(2.7) X; =) cikdy, 2<j<m.
k=1
The proof of Theorem 2.1 is complete. ]

3. Global hypoellipticity

If X ={X,...,Xm} is a family of real vector fields on a C* manifold M,
then the formulation of necessary and sufficient conditions for the global or
local hypoellipticity of their sublaplacian Ax = —(X2? +---+ X2) is an open
problem.

It is well-known that the bracket condition (see the famous theorem of
Hormander [H6]) implies local and therefore global hypoellipticity for Ax.

When M = T" and the bracket condition may fail we prove global hypoellip-
ticity for two classes of sublaplacians. In the first one we consider a family of
commuting real vector fields, while in the second one this property may not be
satisfied.

For some results on global hypoellipticity, when the bracket condition fails,
we refer the reader to [FOJ, [HP], [OK] and references therein.

While no satisfactory characterization of global hypoellipticity exists in the
literature, it is hoped that our results provide some insight into this open
problem.

We begin by proving global hypoellipticity for the sublaplacian of the family
of commuting real vector fields X; given in Theorem 2.1.
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THEOREM 3.1: Let X,...,X,, be a family of real vector fields satisfying the
same conditions as in Theorem 2.1. Then the operator

(3.1) P=-%"x?
j=1

is globally hypoelliptic on T™.

Proof: Since Xy,...,X,, is a family of commuting real vector fields on T™ and
tX, is a globally hypoelhptlc operator on T, it follows from Theorem 2.1 that
there exist coordinates y on T™ in which the vector fields X; are constants, i.e.,

(32) XJ = chkaykv 1 .<_ .7 S m,
k=1

where c;i, are real numbers and cix, 1 < k < n, satisfy the Diophantine condition
(2.1).
Thus, we have

o po$ (S’

Since the property “globally hypoelliptic” does not change under diffeomor-
phisms, we will prove that P is globally hypoelliptic on T" considering its rep-
resentation (3.3). For this let u € D'(T™) be such that

(3.4) Pu=f e C™(T").

By taking Fourier series in (3.4) we obtain

(3.5) [g_; (g:lcg'knk> (chknk) ]ﬁ ) = f(n)-

For n € Z™"\{0} it follows from (2.1) and (3.5) that there exist C > 0 and
K > 0 such that

1f(n) 1 2K
l_m~c2(1+ln|) |f(n)].

Since f € C*(T") it follows easily from (3.6) that u € C°°(T"). Hence, P is
globally hypoelliptic on T™. ]

(3.6) |(n)
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COROLLARY 3.2: Let Xj,...,X,, be a family of commuting real vector fields
on T™. Suppose also that there exist coordinates y on T™ in which X; admits
the form Y ,_, c1x0y, with the real numbers cyy satisfying the Diophantine
condition (2.1). Then the operator P = —~ 77", X? is globally hypoelliptic on
™.

Proof: Thanks to the hypotheses it follows from Theorem 1.2 that the trans-
posed, *X;, of the vector field X; is a globally hypoelliptic operator on T".
Thus, it follows from Theorem 3.1 that P is globally hypoelliptic on T™. |

In the next result we present a family of non-commuting real vector fields,
X, and we present a sufficient condition for the global hypoellipticity of their
sublaplacian P = — 37", X?.

From now on we shall use the letters C' and Cp to represent constants, which
may change a finite number of times.

THEOREM 3.3: Let X;,1 < 7 < m, be a family of real vector fields on T™ x T",
where one can choose coordinates x,y on T™ and T™ respectively, in which the
above vector fields admit the form X; = 0, + ZZ=1 ajk(z)0y,, 1 < j<m. If
a1x(x) = Mg, 1 < k < n, and the vector (A1,...,\,) is non-Liouville, then the
operator P = — 37", X7 is globally hypoelliptic on T™ x T".

Proof: In order to prove that P is a globally hypoelliptic operator on T™ x T
let u € D'(T™ x T™) be such that

(3.7) Pu=f, feC™(T™xT").

To complete the proof of Theorem 3.3 we must show that u € C*°(T™ x T").
For this, it suffices to show that for any N € N there exists a positive constant
Cn such that the Fourier coefficients 4(£,7) of u on T™ x T™ satisfy the following
inequality:

(3-8) la(€, m| < Cn (el +1n)™", (& m) € (@™ x Z")\{0}.

To show (3.8) we will use the fact that f satisfies such an inequality, i.e.,

(3.9) IfEm) < Cn(El+n)7N, (&m) € (2™ x ZM)\{0}.

We will show that the partial Fourier transform with respect to y of f
dominates the partial Fourier transform with respect to y of u in L2-norm,
and we will also use the fact that the operator P is elliptic in x.
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We start by taking the partial Fourier transform in (3.7) with respect to y.
Then we obtain the equation

(3.10) —ZW a(z,n) = f(z,n), forallnezZ”

where Y; = 0z, +13 01 ak(Z)M.

For any n € Z" fixed, a(-,n) is in C°°(T™) since (3.10) is elliptic in z.
Therefore, if we multiply (3.10) by % and integrate by parts with respect to
z € T™, then we obtain

(3.11) _Z Yy ||mm)—/ fa,m)iz,

We shall need the following lemma:

LEMMaA 3.4: There exist positive constants C and K such that

la( MZ2emy < ClalPXIVaa(, mlIZaegm).-

Proof: For n € Z" fixed let ¢, € C°(T™). Thus,

(12 Yigo(@) = dupal@) + (Zxknk)son ().

By taking the partial Fourier transform with respect to x; we obtain

(3.13) i<§1 +>° /\knk)%(ﬁ,él) =y (#,61)

k=1

where £ = (z3,...,Z,).
Since (A1,...,As) is @ non-Liouville vector (see definition, e.g., in Himonas
and Petronilho [HP]), there exist C > 0, K > 0 such that

&+ Aemk
k=1

It follows from (3.13) and (3.14) that

(3.14)

C
2 |—771_K, V77 € Zn\{o}aVEI € Z.

|&n (&, €02 < Cln*X (2, &1) 12,

V€, € Z, Vn € ZM\{0}, V& € T™ 1.



Vol. 155, 2006 COMMUTING REAL VECTOR FIELDS 89

By using the last inequality and the Parseval identity we obtain

/1r on(@)dzr = ¥ 1602,

1 §1€2

<CIPE Y [ (#, &)

§1€Z

= K / (@) Pdzy.

Ta,

If we integrate the last inequality with respect to £ € T™~!, then we obtain
lealiscrmy < O [ pinla)da

= O [ gt (Zxknk)son( )2da.

k=1

(3.15)

If we apply (3.15) with ¢, (x) = 4(x,n) we obtain

i acmy < CIP [ [0 443 Aenulitzs s
k=1
= Cln*XIV1a(, )12y
The proof of Lemma 3.4 is complete. |

We now use Lemma 3.4 to show that ||f(-,n)|le(Tm) dominates ||4(-,n)||L2(zm)-
It follows from Lemma 3.4 and (3.11) that

12, MliZ2eemy < ClalPX V8¢, MZ2emy

< CW"(Z ||na(-,n>||iw,)

j=1
‘C|U|2K/ f(z,m)i(z, n)dz.

Thus, the Cauchy-Schwarz inequality implies that

||71('777)”%2(1rm) < C|U|2K|ff(',7))||L2(Tm)Hﬁ(',n)”m(rm)

and therefore

(3.16) la(, Ml L2eemy < CPPENFCom)ll Lacem)-
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Next we will use (3.16) to prove that u € C®°(T™ x T™), or equivalently that
inequality (3.8) holds. By (3.16) and the fact that f € C°(T™ x T™), we obtain
that for any N € N there exists a positive constant Cy such that

a(m12zpmy < Cnlnl™, 7€ Z™\{0}.
Since

W€, n) = / i e~ "oz, n)de,

by the last inequality and the Cauchy-Schwarz inequality we obtain

(3.17) [a(&m) < Cnnl™, (&,m) €Z™ X Z",n #0.

Since the operator P is elliptic at (x,y;&g,0) for all (z,y) € T™ x T™ and
& € Z™\{0}, by using the microlocal elliptic theory we obtain that there exists
acone I'e = {(§,n) € Z™ x Z™: |n| < €|€|} containing (£y,0) such that for any
N € N there exists a positive constant C such that

|ﬂ(§,77)| < CN(KI + |77|)_N, (5577) el

Now let T' = {(£,n) € Z™ x Z™: || > §|€|}. We notice that if (¢,n) € T then
n # 0. Therefore, if (£,n) € T then it follows from (3.17) that

-N
(el < On (5l + 1) < Cnllel+ i)™,

The last two inequalities imply that for any N € N there exists a constant
Cn > 0 such that

la(¢, | < Cn (el + )™, (& n) € (@™ x Z")\{0}.

Hence (3.8) holds true and therefore u € C*°(T™ xT™). The proof of Theorem
3.3 is complete. |

In the next result we present an application of Theorem 3.3.

COROLLARY 3.5: Let X;,1 < j < m, be a family of real vector fields on T™ x T"
as in Theorem 3.3. If a1x(z) = a1x(x1),1 < k < n, and the vector (a;,...,a3,),
where oY, = fT a1x(z1)dzy, 1 € k < n, is non-Liouville, then the operator
P = -3, X? is globally hypoelliptic on T™ x T".

Proof: If we define t; = z;,1 < j < m, and sk = yx — f(fl ark(r)dr + a9y 71,
1 < k < n, then in the new coordinates the family {Xj P is transformed
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into {y, + > p_y bjr(t)0s, }T* with byk(t) = af;,1 < k < n. Since the vector
(a%y,...,a%,) is non-Liouville it follows from Theorem 3.3 that P is globally
hypoelliptic on T™ x T™. |

Corollary 3.2 and Theorem 3.3 lead us to make the following

CONJECTURE: Let Xi,...,X,, be a family of real vector fields on T". If
there exist coordinates y on T™ in which the vector field X, admits the form
X = ZZ=1 AkOy, with the numbers Aq,..., A, satisfying the following condi-
tion: there exist C > 0, K > 0 such that

> e
k=1

then the operator P = — Z;nzl X ]2 is globally hypoelliptic on T".

C

A-nl= > mE "€ z"\{0},
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