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ABSTRACT 

In this paper we consider a family of commuting real vector fields on the 

n-dimensional torus and show that it can be transformed into a family 

of constant vector fields provided that there is one of them which its 

transposed is globally hypoelliptic. We apply this result to prove global 

hypoellipticity for certain classes of sublaplacians. 

1. Introduction and preliminaries 

There are few results regarding normal forms of systems of vector fields and 

differential operators on T n -- Rn/Z n. Before we state some of them, we need 

to recall some definitions. 

A linear partial differential operator P: DI(~ "~) -* Dr(~ "~) with coefficients in 

C ~ ( T  n) is said to be globally hypoelliptic on ~?n if the conditions u E Dr(T ~) 

and Pu C C ~ ( T  ~) imply that  u E C~(~n).  A similar definition can be given 

when we replace T ~ by a compact smooth manifold without boundary. If P is 

defined on an open subset U of R n, then P is said to be locally hypoelliptic if 

for any open subset V of U the conditions u E D~(V) and Pu E C~ imply 

that  u E C~(V) .  Note that  local hypoellipticity implies global hypoellipticity. 

Since in this paper we are concerned with real vector fields, we begin by 

recalling the real version of the well-known result: 

* The author was partially supported by CNPq. 
Received September 16, 2004 and in revised form May 11, 2005 

81 



82 G. PETRONILHO Isr. J. Math. 

THEOREM 1.1 (See Hounie [Hou]): Let X be a real vector field on ~2 and 

suppose that X does not vanish on T 2. I f  X is a globMly hypoelliptic vector 

field on ~2, then there exists a diffeomorphism o f t  2 onto ~2 that takes X into 

(1.1) f ( s , t ) (Os+AOt )  

where the constant A is an irrational non-Liouville number and f �9 C ~ ( T  2) is 

a non-vanishing function. 

In T~ there exists a new reduction theorem for real vector fields due to Chen 

and Chi [CC]: 

THEOREM 1.2: Let X be a reM vector field on ~ .  Then, the transposed of X 

is a globally hypoelliptic operator on ~n i f  and only K there exist coordinates y 

on ~n in which X admits the form 

n 

(1.2) X = E AjOy~ 
j = l  

with the real numbers A1, . . . , An satisfying the following Diophantine condition: 

there exist positive constants C and K such that 

C V~ �9 zn\{0}. 
(1.3) ~jAj ~_ (1 § I~1) K '  

Remark 1.3: Theorem 1.2 gives new results on normal forms of real vector 

fields on 'IF n even for n = 2 (cf. Theorem 1.4 in Greenfield and Wallach [GW]). 

The next two examples are due to Dickinson, Gramchev and Yoshino [DGY]. 

In the first one they present an example of a system of overdetermined real 

vector fields being simultaneously transformed into constant vector fields. They 

consider 

X -- dt -t- w(t) A Ox, x E ~, t �9 T n, 

n where w(t) = ~ j = l  wj( t )dt j  is a real-valued smooth closed one-form on ~n. 

The corresponding family of n commuting real vector fields associated with 

X is given by Xj = Otj + wj(t)Ox, 1 <_ j < n (see Bergamasco, Cordaro and 

Malagutti [BCM]). It is easy to see that  the family {X j }~  is transformed into 

the family {0sj + WjoOy}~, if we define the diffeomorphism of ~I "n+l onto ~n+l 

by y = x - h( t ) , s  = t, where h satisfies Otjh(t) = wj(t)  - wjo, with wjo = 

fT,, wj (t)dt. 
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In the second one they consider the following family of cominuting real vector 

fields, 

Xj --- Ot ~- hj (t, X)Ox, j = 1 , . . . ,  m, 

where hj C G~(T2), 1 < a < oo. Let Pj and pj be, respectively, the Poincar6 

map and the rotation number of the vector field Xj .  Let also Rpj be the rotation, 

where Rpj (z) = z + pj, z C T, 1 < j < m. They proved the following result. 

TtlEOREM 1.4: Let 1 <_ a <_ + 2 .  I f  m > 2, assume that the Poincard maps 

Pj, 1 < j < m, are orientation preserving and that there exists an index j E 

{1 , . . . ,  m} such that (2~r)-lpj is irrational. Then, i f  a G ~ diffeomorphism u on 

T satisfying 

u - X o P i o u = R p j ,  j =  1 , . . . , m  

can be found, then there exists a G ~ diffeomorphism on ~f2 that transforms Xk  

into Os + (27r)-lpkOy for all 1 < k < m. 

Remark  1.5: For results on diffeomorphisms that  are globally conjugated to 

a rotation we refer the reader to Brjuno [Br], Herman [He], Yoccoz [Y] and 

references therein, while for commuting diffeomorphisms that  are simultaneously 

locally conjugated to rotations we refer the reader to Gramchcv and Yoshino 

[GY], Moser [Mo] and references therein. 

In this paper we consider a family of commuting real vector fields on T n, 

Xj, 1 < j < m, and present a sufficient condition in order to simultaneonsly 

reduce the vector fields X j  into a family of constant vector fields (sec Theorem 

2.1). Next, we use this result to prove global hypoellipticity for the operator P 

given by 

j = l  

We also present a class of non-commuting real vector fields and we study its 

global hypoellipticity. 

2. S i m u l t a n e o u s  r e d u c t i o n  

In sections 2 and 3 all the results deal with families of vector fields Xj, 1 _< j _< 

m, and we shall assume that  there exists j0 E {1 , . . . ,  ra} such that  Xjo satisfies 

certain conditions. Without loss of generality one may assume that  j0 = 1. 

In this section we present a sufficient condition in order to simultaneously 

transform a family of commuting real vector fields with variable coefficients 

into a family of constant vector fields. 
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THEOREM 2.1: Let X1 , . . . ,  Xm be a family of commuting real vector fields on 

~ such that  t X1 is a globally hypoelliptic operator on T '~. Then, there exist co- 

ordinates y on T n in which the family {X j }~  admits the form {•k=l CJkOYk}~' 

where cjk are real constants. Moreover, the coefficients of XI satisfy the follow- 

ing Diophantine condition: there exist K > 0, C > 0 such that 

k•elKk C V~ e Z~\{0}. (2.1) >- (1 + I, l) 

Remark 2.2: Before starting the proof we would like to point out that  Theorem 

2.1 itself also gives new results on simultaneous reduction of a system of real 

vector fields on T '~ even for n = 2. 

Proo~ Since, by hypothesis, t X  1 is a globally hypoelliptic operator on ~"~, it 

follows from Theorem 1.2 that  there exist coordinates y on "I~ n such that  

n 

( 2 . 2 )  Xl  = E ClkOyk 
k = l  

with the real numbers elk satisfying the Diophantine condition (2.1). 

The vector fields Xj, 2 < j <_ m, in the coordinates y can be written as 

n 

(2.a) = b k(y)Oy , 
k=l 

where the functions bik are real-valued. 

Thanks to the fact that  the coefficients of X1 are constants we obtain, for 

2 < j < m ,  

Xl  X j _~ ( Z l  bjl )Oy 1 Jr_... + ( Z l  bjn )Oy ~ Jr- bjl X l  Oy I Jr'''' -~- bjnXl C~yn 

= (Xlbjl)Oy, + . . .  + (Xlbjn)Oy. 4- bjlOmXl + " "  4- bjnOy, X l  

= (Xlbjl)Oy I Jr-"" Jr (Xlbjn)Oy. -Jr- X j X l .  

Thus, we have 

(2.4) [Xl, Xj] = X t X j  - XjX1 = (Xlbjl)Oy 1 + . - .  + (Xlbjn)Ou,. 

It follows from (2.4) and from the commutativity hypothesis that  

(2.5) Xlb jk=O,  l < k < n ,  2 < j < m .  
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Taking Fourier series in equations (2.5) we obtain 

i c~e ~)=0, ~ c Z  ~. 
" ~=1 

Since (2.1) implies that ~e~__l clt(~ ~ 0 for all ~ C Z\{0}, it follows from the 

last equality that 
h 

bjk(~) = 0, ~ C Z'~\{0}. 

Thanks to this fact we have 
A 

(2.6) bjk(y) = bjk(O), for all y E ~ ,  

since bjk(Y) = ~ e z ,  bjk(~)e iu~. 
A 

By setting cjk = bjk(0), which are real numbers, it follows from (2.3) and 

(2.6) that 

n 

(2.7) Xj = E cjkOy~, 2 < j <_ m. 
k = l  

The proof of Theorem 2.1 is complete. II 

3. G loba l  h y p o e l l i p t i c i t y  

If X = {X1, . . . ,Xm} is a family of real vector fields on a C ~r manifold 34, 

then the formulation of necessary and sufficient conditions for the global or 

local hypoelliptieity of their sublaplac ian  Ax = - (X~ + . . .  + X 2)  is an open 
problem. 

It is well-known that the bracket condition (see the famous theorem of 

HSrmander [HS]) implies local and therefore global hypoellipticity for Ax. 

When 34 = ~?n and the bracket condition may fail we prove global hypoellip- 

ticity for two classes of sublaplacians. In the first one we consider a family of 

commuting real vector fields, while in the second one this property may not be 

satisfied. 

For some results on global hypoellipticity, when the bracket condition fails, 

we refer the reader to [FO], [HP], JOE] and references therein. 

While no satisfactory characterization of global hypoellipticity exists in the 

literature, it is hoped that our results provide some insight into this open 

problem. 

We begin by proving global hypoellipticity for the sublaplacian of the family 

of commuting real vector fields Xj given in Theorem 2.1. 
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THEOREM 3.1: Let X l , . . . ,  X m  be a family of real vector fields satisfying the 

same conditions as in Theorem 2.1. Then the operator 

m 

(3.1) P = - E X~ 
j = l  

is globally hypoelliptic on ~n. 

Proof: Since X1, . .  �9 X,~ is a family of commuting real vector fields on li 'n and 

tX1 is a globally hypoelliptic operator on ~.n it follows from Theorem 2.1 that  

there exist coordinates y on ,]~n in which the vector fields Xj are constants, i.e., 

n 

(3.2) Zj  = E clkOy k' l < j < m, 
k=l  

where Cjk are real numbers and clk, 1 < k < n, satisfy the Diophantine condition 

(2.1). 

Thus, we have 

( 3 . 3 )  e = - Z = -  jk0y  
j = l  j= l  k=l 

Since the property "globally hypoelliptic" does not change under diffeomor- 

phisms, we will prove that P is globally hypoelliptic on T n considering its rep- 

resentation (3.3). For this let u e D'(~ n) be such that 

(3.4) P u  = f �9 

By taking Fourier series in (3.4) we obtain 

(3.5) Cjk?~k ~- Clk?~k ~t(?~)7- 7]). 
- -  k = l  ~ \ k = l  ~ "~ 

For V �9 zn \{  0} it follows from (2.1) and (3.5) that  there exist C > 0 and 

K > 0 such that 

I](~/)1 1 
(3.6) ]~(~/)1 < [E~=I  clk~lk] 2 < ~-~(1 + [~/I)2KI](7/)1. 

Since f �9 C~176 "n) it follows easily from (3.6) that u �9 C~176 Hence, P is 

globally hypoelliptic on ~n. | 
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COROLLARY 3.2: Let X ~ , . . . ,  X m  be a family of commuting real vector fields 

on qr n. Suppose also that there exist coordinates y on T n in which X1 admits 

the form ~ = 1  ClkOYk with the real numbers clk satisfying the Diophantine 
rn 2 condition (2.1). Then the operator P = - ~-~j=l X~ is globally hypoelliptic on 

~ n .  

Proof: Thanks to the hypotheses it follows from Theorem 1.2 that  the trans- 

posed, tX1, of the vector field X1 is a globally hypoelliptic operator on T n. 

Thus, it follows from Theorem 3.1 that  P is globally hypoelliptic on T n. | 

In the next result we present a family of non-commuting real vector fields, 

Xj ,  and we present a sufficient condition for the global hypoellipticity of their 

sublaplacian P = - ~-~jn=l X 2. 

From now on we shall use the letters C and CN to represent constants, which 

may change a finite number of times. 

THEOREM 3.3: Let Xj, 1 <_ j ~_ m, be a family of  real vector fields on •m x T n, 

where one can choose coordinates x, y on T m and T n respectively, in which the 
n above vector fields admit the form X j  = O~j + }-]~k=l ajk(X)OYk , 1 ~_ j < m. I f  

alk(X) = Ak, 1 < k < n, and the vector (A1,.. .  ,An) is non-Liouville, then the 
rn operator P = - ~ j = l  X~ is globally hypoelliptic on ~m X T n. 

Proof: In order to prove that  P is a globally hypoelliptic operator on ,]~rn x ~n 

let u C D'(• m • ~n) be such that  

(3.7) P u =  f ,  I E C ~ ( V  m • vn).  

To complete the proof of Theorem 3.3 we must show that  u E C ~ ( ~  m • Tn). 

For this, it suffices to show that  for any N C N there exists a positive constant 

CN such that  the Fourier coefficients fi(~, ~) of u on ~m x T n satisfy the following 

inequality: 

(3.8) le(~,~)j _< CN(t~I + I~l) -N,  (~,~) e (Z ~ • Zn)\{0}. 

To show (3.8) we will use the fact that  f satisfies such an inequality, i.e., 

(3.9) 11( ,,7)1 _< CN(I I + I,jI) -N, e (z m • zn)\{0}. 

We will show that  the partial Fourier transform with respect to y of f 

dominates the partial Fourier transform with respect to y of u in L2-norm, 

and we will also use the fact that  the operator P is elliptic in x. 
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We start by taking the partial Fourier transform in (3.7) with respect to y. 
Thcn we obtain the equation 

m 

( 3 . 1 0 )  - ~ 5 ~ ( x , ~ ) = / ( x , . ) ,  
j= l  

for all 7? �9 Z n 

Proo~ For 7? �9 Z n fixed let ~ �9 C~(Tm).  Thus, 

(3.11) 
m 

IIYJ~(',~) 2 IIL~(T~) : ](x,~)~(x,??)dx. 
j= l  

We shall need the following lemma: 

LEMMA 3.4: There exist positive constants C and K such that 

(3.12) Yl~o,(x) = Oxl~o,7(x) + i )~k??k ~n(x)--r 

By taking the partial Fourier transform with respect to xl we obtain 

(3.13) i (~1 + ~2~ Ak~k) ~n(&,~l) = Cn(~, ~1) 
k=l 

where 2 = (x2, . . . ,  x,~). 

Since (A1,... ,  A~) is a non-Liouville vector (see definition, e.g., in Himonas 
and Petronilho [HP]), there exist C > 0, K > 0 such that 

(3.14) ~1 + ~ Akr/k 
C 

~=~ > _ i , i g ,  VV �9 Z" \{0} ,V~ �9 Z. 

It follows from (3.13) and (3.14) that 

I~??(~:, ~l)l 2 ~__ Cl~l 2K I~)r~(:~, ~l)l 2, 

v~, �9 z,  vn �9 z~\{0}, w �9 V r"-~. 

x E T '~, then we 

whe.re Yj = 0~ + i ~ = 1  ajk(x)??k. 

For any ~ E Z n fixed, fi(.,??) is in C ~ ( T  m) since (3.10) is elliptic in x. 
Therefore, if we multiply (3.10) by ~ and integrate by parts with respect to 

obtain 
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(3.15) 

By using the last inequality and the Parseval identity we obtain 

f i~,(x)12dx ~ = y~ I~ . (~: ,~) l  2 
=~ ~IcZ 

<_ Cl~l ~g ~ Ir ~ 
~IEZ 

= Clwl ~K f~,  J%(x)12dxa 

If we integrate the last inequality with respect to & E T m-l ,  then we obtain 

I1~,,11~,~(~,-/< cI,71 =K /Tin Ir 

m k=l  

If we apply (3.15) with (pn(x) = ft(x,T/) we obtain 

n 

II~(',W)II~,r / _< cI, I K I(Ox, +i~-~Akwkl~(x,w)12dx 
m k=l  

= CI~I2KIIYx~(',~)II~L=<T~). 

The proof of Lemma 3.4 is complete. | 

We now use Lemma 3.4 to show that IIf(',~)]lL2(V-') dominates I]~2(.,z/) I ]L2(T-,). 

It follows from Lemma 3.4 and (3.11) that 

j= l  

= CI'71~K fcm ](x,,1)~(x,,1)dx. 

Thus, the Cauchy-Schwarz inequality implies that 

I1~(,~) IlL2(r -< C[~]2K]Ifi(',~)HL~(T,~)II~(',~)HL~(T,~) 

and therefore 

(3 .16)  U~2( ", 17) H L2(T m) -( CITII 2K Ill(',/])llLa(Tm) 
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Next we will use (3.16) to prove that  u E Coo(T TM x Tn), or equivalently that  

inequality (3.8) holds. By (3.16) and the fact that  f E Coo(T m x Tn), we obtain 

that  for any N C N there exists a positive constant CN such that  

I1~(,~)11~(~,,,) -< cNI~I -N, ~7 �9 zn\{o}. 

Since 

~(~' ~) = j~m e-ixr ~)dx, 

by the last inequality and the Cauehy-Schwarz inequality we obtain 

(3.17) Ifi(~,v)l < CNIvl -N ,  (~,~) �9 Z m • Zn,V # O. 

Since the operator P is elliptic at (x, y; ~o, 0) for all (x, y) �9 T m • T n and 

~0 E zm\{0},  by using the microloeal elliptic theory we obtain that  there exists 

a cone F~ = {(~,~7) �9 Zm • Z'~: [~7i < el~[} containing (~0,0) such that  for any 

N �9 N there exists a positive constant CN such that  

Ifi(~:,'DI <_ Cm(l~l + I,I) -N, (~,V) �9 r~. 

Now let F = {(~,~?) �9 Z TM x zn: 1~7[ > ~[~1}' We notice that  if (~,~7) �9 F then 

~ 0. Therefore, if (~,77) E F then it follows from (3.17) that  

4)" le(<r _< cN I,71 + I~:1 _< cN(I~I + bTI) -N. 

The last two inequalities imply that  for any N �9 N there exists a constant 

CN > 0 such that  

le(~,~7)l _< CN(I~I + Ivl) -N, (~,~) �9 (Z m • Zn)\{0}. 

Hence (3.8) holds true and therefore u �9 C ~ (Tm • ~n). The proof of Theorem 

3.3 is complete. I 

In the next result we present an application of Theorem 3.3. 

COROLLARY 3.5: Let X j ,  1 <_ j < m, be a family of real vector fields on T m x T  n 

as in Theorem 3.3. I f  alk(x) = alk(Xl),  1 < k < n, and the vector ( a ~  a~ 

where a~ = f va lk (X l )dx l ,  1 <_ k <_ n, is non-Liouville, then the operator 
p m 2 = - ~ j = l  X j  is globally hypoelliptic on lr m • T n. 

Proof.' If we define tj = xj,  1 _< j < m, and sk = Yk - fo  ~ al~(r)dr + a~ 

1 < k < n, then in the new coordinates the family {Xj}~ is transformed 
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into {Otj + ~ = 1  bjk(t)Osk}~ with blk(t) = a~ 1 < k < n. Since the vector 

( a ~ 1 7 6  is non-Liouville it follows from Theorem 3.3 tha t  P is globally 

hypoelliptic on ~pm x ~n. R 

Corollary 3.2 and Theorem 3.3 lead us to make the following 

CONJECTURE: Let X I , . . . , X , ~  be a family of real vector fields on ~pn. I f  

there exist coordinates y on ~n ill which the vector field X1 admits the form 

X1 = ~ = 1  AkOyk with the numbers A1, . . . ,  .~n satisfying the following condi- 

tion: there exist C > O, K > 0 such that 

n 
C 

k= l  -- I " I K '  ' �9 7An\{0} '  

then the operator P = - E ? - I  x }  is globally hypod l i ,  tie on V n 
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